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Abstract

The nonsubstitution theorem concerns long-perictirieeal choice and relative prices,
and was so understood in its first (1951) formulas, but the modern advanced micro
textbooks that present it do not make this cleandering the theorem impossible to
understand for students. These modern presentatierige from a reinterpretation of
the Leontief model as a ‘timeless’ economy in Wsdma equilibrium, capable of
positive production in spite of zero initial endoamts of all inputs except labour: an
unacceptable interpretation, made possible by a aofenetputs, to describe the
economy’s production possibilities, that is illegiate in this case even from a strictly
neoclassical perspective. The notion of a ‘timélessonomy disappears from the
textbook presentations of the Leontief model arttiehonsubstitution theorem, but the
result is that the nature of the model and of thegs to which the theorem refers is not
clarified, inevitably leaving students utterly coséd. This note remembers the true
nonsubstitution theorem, points out that it hadrbeerrectly enunciated by Samuelson
(1961), and suggests that the current inabilitptesent it in a correct way is due to the
absence of the notion of long-period prices frone ttheoretical horizon of
contemporary neoclassical value theory. The papgsns with clarifications on the
meaning of the Leontief model which prepare theugd for the discussion of the
problem with netputs.
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1. Introduction.

The nonsubstitution theorem is frequently mentionbdt students cannot
understand it from the way it is presented in the@nstream advanced micro textbooks
that discuss it, or in the older treatises suchAa®w and Hahn (1971) or von
Weizsacker (1971). This ndtetries to correct this unhappy situation. The
nonsubstitution theorem conceirosg-periodrelative prices, that is, the relative prices

! That clarifies and corrects the argument in R&604, Appendix 6A3, pp. 246-251).



a competitive economy tends towards if time isvadld for competition and entry to
bring about prices equal to minimum average cosiysive of the normal rate of return
on capital). In the recent mainstream presentatofriee theorem this characteristic is
not made clear. The ultimate reason is the disappea from neoclassical value theory
of the notions of long-period equilibrium and lopgriod priced This absence has
caused misrepresentations of what the nonsubetittiieorem is about. Without aiming
at tracing a history of the interpretations of theorem, the present note clarifies the
roots of these misrepresentations by examiningwadpisodes in this history. It re-
examines the first formulations of the theorem ()9%nd finds that the theorewas
initially intended to refer to long-period techricehoices, specifically, the ones
associated with a zero interest rate; but subseéquesentations lost clarity on the
issue, and the theorem was interpreted as refetoritpe Walrasian equilibrium of a
‘timeless’ Leontief economy (where the inputs otlban labour earn no interest
because they are ‘flows’ and not capital good)abe of positive production in spite
of zeroinitial endowments of all inputs except labouisttiescription is made possible,
not by an assumed ‘Austrian’ structure of produciiithat would deprive the theorem of
any generality), but by the representation of potidm processes viametputs, a
representation that will be argued to be unaccéptabthis case even from a strictly
neoclassical perspective, and generally dangemugeheral equilibrium theory itself.

In recent mainstream textbooks the theorem is ptedeeither as referring to the
‘Walrasian’ general equilibrium of a Leontief ecomg or (in a single case: Mas-Colell
et al, 1995, pp. 159-160) as referring simply to chaé€eefficient’ netputs. In all of
them the reference to a ‘timeless’ economy disappgarobably because of some
consciousness of the nebulous nature of such amdiut the result is that, in the first
type of presentation, the implicitly zero rate oferest remains without justification,
and what is assumed about the initial factor endemtmof this ‘Walrasian’ equilibrium
is left totally unclear, which means a yawning gapghe presentation of the theorem,
that students must find it impossible to fill. Teecond type of presentation too is
misleading and incomprehensible for students, lsaliuses netputs but does not
clarify the framework of the notion of ‘efficientietputs. The present note remembers
the true nonsubstitution theorem, points out thdtad been correctly enunciated by
Samuelson in 1961, and suggests that the currability to present it in a correct way
is due to its being alien to the theoretical hamizd contemporary neoclassical value
and distribution theory, which has expunged theonoof long-period prices as part of
the refusal to admit the origin of the neoclassmgproach in versions attempting to
determinelong-periodgeneral equilibria. The initial considerations the meaning of
the Leontief model, besides pointing out the indelemce of the model from any full-
employment assumption, prepare the ground for teeudsion of the problem with
netputs.

2. Clarifications on the Leontief model.

2 For an introduction to this issue see chapter Retfi (2004).
% The term, that stands for net outputs, appeavaiian (1978, p. 3).



The nonsubstitution theorem was born in 1951 waflenence to Leontief’'s open
model, notoriously describable through the matguagions

q =x —Ax,

L=ax,
whereq is the given vector of desired yearly net outfiftshe year is the accounting
period);x is the vector of yearly outputs that must be poeduin order that net outputs
beq; A is the given square matrix of commodity technwafficients g, that indicate
the amount of commodity i to be used as input {@silating capital) per unit of output
of commodity j, anda,_ is the given (row) vector of labour technical dmgénts; L is
the quantity of (homogeneous) labour services (&gour hours) that must be
employed to produce, in general different from labour supply. Someeaskiations on
the nature of this model will dispel possible mistia interpretations of what it indicates
and what is implied by using it to determine howand L change ifj or A ora_ change.

First of all, the reader accustomed to assumeegsiéntly done in the literature
on value and distribution, a yearly (or more gelera one-period) production cycle,
with production processes started at the beginafripe year and all products coming
out at the end of the year, must make an effoabEndon this assumption. The Leontief
model is perfectly compatible with this case, kutsi more general. Nothing in the
definitions of the vector of total yearly output®r of the vector of yearly net products
g obliges one to assume that the length ofptfeeluction procesthat produces one unit
of good j with inputs g,...,&; iS the same as the length of geeounting periode.g. the
year) used to calculate or g. Outputs can be coming out all along the accogntin
period; for some commodities even hundreds of prbon cycles may be performed
during the accounting period. This is no impedimentieterminingk as the vector of
the total quantities produced during the year, twodeterminingg as x minus the
produced inputs used up in order to prodyc€&or example if for all commodities the
production cycle takes one month, and in a yealvievproduction cycles of identical
dimension are carried through, will be twelve times the vector of the amounts
produced each month, amdwill be twelve times the net output of each monthe
main difference relative to an assumption of yearyduction cycles is the following:
with a yearly production cycle and all output cogliout at the end of the year, the
production of one cycle/year is only physically idsdale at the end of the year, so it is
not available for use as input, or for consumptidum;ing the year: the goods used as
inputs or for consumption during the year must ssagly be goods already available at
the beginning of the year; if we admit that outputoming outduring the entire year,
then production and consumption during the yearacahwill often utilize commodities
producedduring that same year. Thusx may well for the most part consist of goods
produced during the year, i.e. goods that also @ppe X. The same is true for
consumption: when we assume a yearly productioteayith all output coming out at
the end of the year, the goods consumed duringegbehave to be already available at
the beginning of the year; now that we admit praidncduring the year, consumption

* A capital good is circulating capital if it disaggrs in a single utilization. Examples are petsad
for travel services, raw materials transformed afal product, corn seed used to produce corn.



can utilize that production. (All this may seenvit, but there is a reason why | insist
on it, that will soon become clear.)

This difference can also be visualized in termswbiat goods one finds in
inventories at the beginning and at the end ofyihar. At the end of the year, the
economy with yearly production cycles (all star&édhe beginning of the year) finds in
its inventories the entire production of that yehat isx, notx-Ax; and in order to have
producedx, it had to have at leasix in its inventories at the beginning of the yedr
we admit many production cycles during the yeag,dbonomy may need much smaller
inventories tharAx at the beginning of the year, and may find itggth much smaller
inventories of produced goods thanat the end of the year, because muchx of
disappears during the year, being used not onlgmasd for further production but also
for consumption. For example, let us assume thag@ds are produced in short
production cycles, a year encompassing 100 of themd, that all production cycles
during the given year produce identical quantiti#een each cycle produces the
hundredth part ok, and uses the hundredth partfof as inputs. In order to produce
g=x—Ax as net product during the year, the economy neegd A&t its disposal as means
of production at the beginning of the year only lliedredth part ofx; the production
cycles after the first one can use the producth@preceding cycle.

Thus the shorter the production cycles of the sdvamoducts, the smaller the
amount of goods necessary at the beginning of ¢lae tp realize a giveq during the
year; this amount may even be so small, relative amdq, as to allow considering it
negligible for purposes of statistical computationslowever (here we get to the
important point), since inputs must be availablmedime before the output comes out,
some positive inventories of inputs must alwaysakeailable at the beginning of the
year in order forg to be produced, and this will be argued later ¢otHeoretically
extremely important. The need for some initial imegies would disappear only 6
were produced directly or indirectly by labour aoaccording to an ‘Austrian’, or
‘Smithian’, structure of production, and, each pdriproduction started with labour
alone, the initial intermediate products being theed, together with additional labour,
to produce further intermediate products up todtm@ing out of the final, net products
within the period. But apart from this case—and sznomies are not like this—the
inventories of circulating capital goods at the ibamng of the year can never be all
zero. Theremustbe not only labour but also some goods availablenputs at the
beginning of the year in order for production tarst and their amounts imply
constraints on producible quantities additionatite constraint possibly due to labour
availability.

Therefore, if one changes net outputs (‘final dedsgnin the terminology of
Leontief input-output tables) and uses the modeldtermine the new activity levels

® | say ‘at leasAAx’, in order to allow for the (totally unrealistiaiblogically admissible) possibility
that there is no consumption during the year extteptast day, all consumption being effected duhe
harvest the day itself of the harvest (which isltts day of the year), so that no inventories of
consumption goods are needed at the beginningeofetar. More realistically, at leasd x must also be
available at the beginning of the year, wheig the vector of average minimal (‘subsistence’)
consumption per labour unit.



implied by them and argues that these activity le\see what the economy will
converge to, then one is assuming not only thaiuakmployment will adafitbut also
that some adjustment process will ensure that tivdfebe the initial availabilities of
goods, needed to start production at those nevisleMaless one assumes excess initial
inventories, there must be an adaptation of ingrdlowments. The ‘appropriate’ initial
endowments of goods are not made clear by the madel depend on how many
‘rounds’ of production are contained in one yea gaown by the above example of
100 rounds), but nonetheless they exist; the mioaldicitly assumes that there is some
process that adjusts them, @y are endogenously determinddhis means that the
model, when used for comparative statics, compadgisted’ situations in which
initially available produced inputs, and industiyndnsions, have had time to adapt to
demands, similarly to what is assumed with comparastatics of long-period
position.

Note finally that the Leontief model implies nothias to the degree of resource
utilization. That the production of requires the utilization of amoum of circulating
capital goods does not pre-suppose the full empdoynof labour, nor the full
utilization of inventories: it only tells us that brder to producg, quantitiesAx must
be used up, thereforein the subsequent period the economy wants tougedgairx
without running down inventories, then it must nestitute the used-up goods by
dedicating a portiod\x of outputsx to this task, and therefore it can only consuwme
Ax during the period. The tendency in most mainstrgaesentations to consider the
Leontief model as describing a full-employment ewon is totally unjustified; the
model will describe a full-employment situation wi this is specifically additionally
assumed, nothing in the model implies it.

3. The nonsubstitution theorem.

Leontief'sempirical input-output tables are in value, each sectoryres many
different goods, and there is no assumption tHdfirals producing a commodity use
the same production method. But Leontief®del specifies production methods in
technical terms, assumes that each sector prodmtg®ne good, and does assume that
in each sector only one method is utilized; soaioreconomy described by this model
one can ask, why the adopted production method8aae) when other methods could
be utilized.

We have seen that the Leontief model assumes tieagaantities of inputs
adjust to the levels required to produce the giweh outputs. The admission of a
possibility of technical choice implies that thgusiment must concern not only the
level of activity but also the kind of inputs rempd in each industry. Then the
prevalence of a single method in each industry memilt from a complete adaptation

® Unless the change in net outputs is chosen sutthleave labour employment unaltered.

" A long-period position, or ‘normal position’ as ®aregnani prefers to call it (see Garegnani, 2007,
especially pp. 226-231), is additionally charaetedi by long-period prices, the ones associatedtivith
dominant technique corresponding to the incomeildigion variable (the rate of return on capitalttee
real wage) taken as given. Leontief's model neddaesume that prices are long-period prices; howeve
as we will see, this is the assumption made irdibeussions of the nonsubstitution theorem.



of all inputs in all firms in the industry to coshinimization, hence to what in
Marshallian terminology is the tendency to adom tptimal long-period production
method; this tendency will be operating simultarsdpin the several industries, and it
may entail multiple changes of method in an induas the relative input costs of that
industry change because of changes in the methati$ience in the output prices of
other industries. The final result of cost minintiaa is indicated by the theory of long-
period choice of technique (e.g. Kurz and Salvadb®®5, ch. 5), that allows us to
conclude that method#\ (a, ) belong to the technique which, at the given ddtprofits
or of interest, maximizes the real wage (or at the given realenagximizes), that is,
the technique which for that rate of profits istbe outer envelope of the(r) curves
corresponding to the alternative techniques avigilabthe econonfy Since—owing to
the assumptions of constant returns to scale (OfRgpint production (only circulating
capital), and only one paid ‘primary’ factor (labpu-the w(r) curves only depend on
technical coefficients and not on the quantitiesdpced, we conclude that if the
quantities demanded change and sufficient time liswad for the quantities of
‘intermediate’ goods to adapt to the changed demyatiden as long as income
distribution does not change the technical coeffits will, after the transition, return to
being @,a.).

The conclusion just reached is the nonsubstitutieorem. More precisely:

Nonsubstitution Theorerh Assume an economy where

(i) there exists only one primary factor, labout| ather inputs are produced
goods i.e. capital goods, and their amounts adaphé demand for them;

(i) all processes of production are perfectly dible with CRS, and have the
same production period (which is taken as the timé);

(i) each process produces one perfectly divisimdemmodity (no joint
production), with fixed coefficients of capital gisoand of labour, at least some of
which are positive;

(iv) for each commodity there exists at least amme@ss producing it;

(v) each commodity requires labour for its prodanti either directly or
indirectly;

(vi) the price of capital goods is the same athlibginning and at the end of each
production cycle;

(vii) the price of each produced commodity equlésdosts of the inputs plus a

8 A technique is a set of production methods, omenmiistry. The notion of outer envelope of the
w(r) curves, or wage-profit frontier, is well knowsee e.g. Sraffa (1960, p. 85), or Kurz and Salsiad
(1995, p. 148); it indicates the maximum long-penieal wage associated with each level of theohte
profit (or of interest, if by neglecting risk etane identifies the two rates). Assuming production
processes all of equal length (one period), anthigashosen a numéraire, for eaéhq ) technique one
derives the corresponding(r) curve from the system of equations I(JlpA+wa,_=p; the theory of long-
period choice of techniques proves that cost miration will finally bring firms to adopt the teclie
whosew(r) curve is the outermost for the givefor for the giverw, if it is the real wage that is taken as
given).

9 See Salvadori (1987), integrated by Kurz and Slkig1994) for condition (viii), which concerns
an extreme case of little relevance: see Kurz atda8ori (1995, p. 155, Exercise 8.7) for a nunsdric
example that illustrates this curious case.



uniform andgivenrate of interest (rate of profit) on that part thfat cost which is paid
in advance (i.e. at the beginning of the productigale);

(viii) the rate of interest (rate of profit) is lesthan the maximum one
corresponding to a zero real wage, or, if thereses<eat maximum rate of interest and the
technique yielding this maximum rate of interestas unique, there exists a commodity
that is basic in all the alternative techniquestthee equally profitable at the maximum
rate of interest.

Then for each admissible value of the rate of gggrcost minimization implies
a unique vector of long-period relative prices obgucts and a unique wage rate (once
a numéraire is chosen), independent of the comipasiff final demand. At those prices
and wage rate, either the process chosen in eagtsiny is unique, or the industry is
indifferent among alternative processes which yible same (interest-inclusive) unit
cost.

This theorem concerns the naturdarfg-periodchoice of technique when there
is no joint production and no scarce natural resesft, it assumes nothing as to labour
employment, which may well be far from the full doyment level. But nowadays the
result is presented in advanced microeconomickdexs in a way that totally obscures
the situations to which it refers. Some aspectshefhistory of the theorem help to
understand the roots of this situation.

4. The 1951 nonsubstitution theorem.

The first version of the theorem is generally cdastd to be the one advanced
in the 1951 papers by Paul Samuelson and Nicho&wdéscu-Roegen in a volume
(Koopmans 1951a) concerned withnarmative problem of ‘efficiency’ in choice of
technique, within the framework of the open Ledntmodel with choice among
alternative production methods. The problem wasatvdmoice of production methods
will maximize a hypothetical planner's monotonidlityt function defined on the net
outputs per period of the econonifythe given supply of labour is considered thées
constraint on producible quantities (and therefefgut this was not made clear in the
volume — one accepts an endogenous determinatithre afuantities of produced inputs
available for production, including their quantti@available at the beginning of the
period). Samuelson’s brief paper — commented upotihné same volume by Tjalling

19| ong-period competitive analysis assumes thall iimdustries the Marshallian long-period
adjustment of supply to demand has been complstethat for all produced goods price equals
minimum average cost (inclusive of the normal iHteeturn, or of interest, or of profits, on thepial
advanced). This adjustment includes variation ahiber and type of plants in each industry, a process
taking considerable time, therefore entailing adogyenous determination of the quantities of thesav
capital goods present in the economy. Once thisstent is completed, the changes that relativeegri
may be undergoing over time can be assumed taler sio slow as to be negligible (hence (vi) in the
statement of the theorem), or to be once-for-ainges (e.g. due to technological innovations) to be
analysed through the method of comparative stéeti, 2004, pp. 21, 25, 35-38). The non-substitut
theorem can be extended to include nontransfechlvible capital goods, and even land as long as the
changes in the composition or level of productiomdt alter the no-rent land; but these extensivas
unnecessary for the argument of this paper.



Koopmans (1951c) and Kenneth Arrow (1951) — answleesquestion indirectly, by
arguing that the Leontief model need not be inwgat as assuming that for each good
only one fixed-coefficients method of productionkisown; the observed methods can
be interpreted as the optimal ones, because mgutbm competition-induced choice
of technique, and are independent of demand: “\iblor the only primary factosll
desirable substitutions have already been madehlkycompetitive marketand no
variation in the composition of final output ortime total quantity of labor will give rise
to price change or substitution” (Samuelson, 195143, italics in the text).

To understand how Samuelson’s argument answeregrkais’s problem, it is
important to note that the normative problem stddia the 1951 volume is
characterized by Koopmans (1951b, p. 42) as inetudne assumption of “a state of
saturation with regard to reproducible capital’isthimplies an endogenous
determination of the vector of capital goods peit ofi labour’, hence a long-period
framework; and, given the dominance at the timen@dclassical theory and of the
conception of the several capital goods as embgdgumntities of the single factor
‘capital’, Koopmans clearly means that the amouintcapital’ (as well as of each
capital good) is assumed to be so abundant th@teaty marginal product is zero, which
implies a zero equilibrium rate of interest. Gessgu-Roegen (1951, pp. 166, 171)
makes the long-period framework explicit by usitg tterm “competitive long-run
equilibrium” for the situation assumed by Samuelsond himself; neither he nor
Samuelson explicitly say that the rate of inteiiestero, but the thing is implicit in
Georgescu-Roegen’s observatiobid., pp. 172-3) that prices are equal to direct and
indirect wages (we might say, ‘wages embodied’)icaSamuelson, he will explicitly
admit in 1961 (see below) that in 1951 he was assymzero rate of interest.

Then the connection between the Samuelson—-Georfaesagen’s theorem and
the above normative problem is easily grasped,henbiasis of what is known about
w(r) curves. It is known that, when the rate of intefeate of profit) is zero, long-
period competitive choice of technique selectstéotnique whosev(r) curve has the
highest vertical intercefst for each chosen numéraire, the vertical interoéphew(r)
curve generated by a technique indicates that tgglis net product of that numéraire
per unit of labour employmeXit since whichw(r) curve yields the highest for a given
r is independent of the numéraire, the same teckrtiqis the highest vertical intercept
whichever the numéraire, hence this technique & dhe that maximizesall net
products per unit of labour. (The result can alscekpressed by saying that the same

' Koopmans implicitly admits that production neexisial inventories of the circulating capital
goods and that these are endogenously determirtbe ases required to maximize production per unit
of labour, by continuing: “Among the limitations on primary resources we have not imposed any
limitations on the amount of accumulated produéisast flows of primary resources used to incréhse
productivity of present flows” (1951b, p. 42). Hever, neither Koopmans nor the other contributions
the 1951 volume explain why one should be intetestefficiency of production under such an
assumption.

12| leave aside the possible fluke of two or mohteques havingv(r) curves with the same
vertical intercept.

13 The vertical intercept of &(r) curve indicates the real wage in terms of the ehasiméraire
whenr=0 and therefore all the net product goes to labmemce it indicates the net product per unit of
labour if the net product consists of the numérgoed (or basket of goods).



technique minimizes all labours embodied, because labour embodied in a
commodity is the total labour employment when tbammodity is produced as net
product, and the technique that produces the gteage output of a commodity per unit
of labour is also the technique that minimizes tabemployment per unit of net output
of that commodity.) Samuelson and Georgescu-Roatjscover this result (with
different tools), and in this way they also fine tholution to the planner’s ‘efficiency’
(or utility maximization) problem, because whateviee desired composition of net
output, the optimal technique will be the same, ihee associated with the
maximization of the net output per unit of labofimbhatever basket of goods.

In order to understand the way the nonsubstituti@orem is presented in Mas-
Colell et al. (1995), to be discussed in Section 13, it is Usefuadd that, in their
generalizations of Samuelson’s proof, Koopmans I1tpP5and Arrow (1951)
concentrate on the planner’s ‘efficient’ choicete€hnique as purely a maximization
problem, without arguing that the ‘efficient’ choice is brought alboby market
competition, and therefore without mentioning psic® the interest rate. In this way
they abstain from evaluating Samuelson’s debatabldicit claim that Leontief's
analysis referred to an economy in long-period-éntiployment equilibrium with a zero
rate of interest.

5. The DOSSO presentation.

So the 1951 nonsubstitution theorem, when refaodde results of competitive
markets, concernkng-period choice of technique when the rate of interestasz
because there is capital saturation, and even \idremulated as a pure maximization
problem it still implicitly assumes a long-periocafework, with the endowments of
circulating capital goods endogenously determinedas to maximize net output per
unit of labour whatever the composition of net aitBut these characteristics are
thoroughly obscured in the 1958 book by DOSSO (eal shorthand for the authors
Robert Dorfman, Paul Samuelson and Robert Soldw)ear Programming and
Economic Analysjsthat paves the way to subsequent misinterprettim this book,
there is no reference to capital saturation ag¥ptanation why there is no interest rate
in the competitive equilibrium of the Leontief econy; the suggestion is rather that it
must be so in a Walrasian equilibrium if labouthe sole primary input (p. 204: “the
theory of input-output ... provides the simplesticof Walrasian general equilibrium”;
p. 225: “there is only one thing to be economiZador”). But this immediately creates
a problem, because a Walrasian (or neo-Walr&igeneral equilibrium assumgazen
initial endowments of all physically specified fat of production including all capital
goods, even circulating capital goods; for exaniidigbour and corn seed produce corn,

% The full employment of labour is implied by thesamption of a ‘saturation’ of capital that
justifies the zero interest rate. Leontief (195&Rady states that he is assuming long-period prieqy. p.
36, where the economy is assumed stationary), dig &lso clear that the costs determining theisegpr
include “capital and entrepreneurial services”t thainterest, and entrepreneurial profits (e.q24).

15 0n why the intertemporal and the temporary equdibf Lindahl, Hicks, Debreu are very
different from Walras’s own model and thereforewdtdde called neo-Walrasian rather than Walrasian,
see Garegnani (1990), or Petri (2004, ch. 5).



the equilibrium’s data must include given endowrmeasftlabour and of corn seed; how
can this apply to Leontief's open model, where ¢hae no given initial endowments of
the several circulating capital goods? No expkgiswer is supplied in the book; the
implicit answer seems to lie in the characterizatod Leontief's model as a black box
in which only labour services enter, and only ngpats come out:

“The interindustrial sales have no “welfare” sigeaince at all. Social benefits
come from final consumption, and social costs ctnova the use of labor. The
economy can be viewed as a machine that uses op (abd has 50 units of
labor per year at its disposal) and produces fooaisumption. ... Part of our
problem will be to calculate whaither menus of final consumption society
could produce with its 50 units of labor and itegant technology.” (DOSSO
1958, p. 207).

No admission appears of the need, for the “machioefiork, of endowments
(continually renewed, but still endowments, thatsinbe present at the beginning of
each production cycle) of the several ‘intermedigtods (circulating capital goods)
appropriate to the activity levels of the varioestsrs, nor of the need for a change of
these endowments if the “menu of final consumptiahianges. The justification
appears to lie in a peculiar interpretation of Ligxffs static model of ‘flows’. In a
striking footnote, Leontief’s “statical” model iwtrasted with “a dynamic model in
which production takes time”: in the latter mod#i€ stocks of coal to be used in coal
mining must be available before any new coal campioeluced” (p. 205, fn. 2). This
implies that in Leontief’s static model productiakes no time and there is no need for
the coal to be used in coal mining to be availdd®@#ore coal production comes out —
nor, then, for corn seed to be available monthereahe corn harvest! This is difficult
to make sense of, and it is not what Leontief agsunWhen he comes to the
introduction of dynamic elements, Leontief admit951, p. 211) that his analysis has
been “static’ up to then, with changes analyzedy dhfough comparison of static
positions, that is, with no attention to the actwahsition dynamics; the analysis of the
latter dynamics, he goes on to note, requires Xpdiot consideration of inventories
and of stocks of durable capital goods, becauskaage in the rate of output of an
industry will generally require a change in the ditsion of the inventories of raw
materials etc. held by the industry, and therefargrocess of accumulation or
decumulation of inventories, plus a process ofatemn of productive capacity (durable
capital goods, buildings etc.), both neglectedha tomparative statics of flows to
which his analysis has limited itself up to thatinho Thus Leontief's distinction
between his analysis up to then, based on flowyg, and the analysis of dynamic
transitions that has to include consideration aofeiriories and of stocks of durable
capital goods, in no way implies that the analysised only on flows was ‘timeless’, it
was simply static, that is, neglecting changefiéendata, because assuming a constancy
of already adjusted flows. DOSSO on the contranyevwan p. 249 of “a simple Leontief
system, which abstracts from time”, and on p. 26evthat “the introduction of a time
dimension and stocks of capital” is what distinges a dynamic model from a
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“statical” one”. Thus, one must infer, as long las analysis is “statical” and the only
inputs (apart from labour services) are “flows afvrmaterials or current inputs” (p.
284), one can assume that there is no “time dimeanhsind this apparently justifies—
but no explanation is supplied as to why—the tresimof these flows as
unproblematically adjusting to the needs of product posing no constraint to
producible quantities additional to the constrailie to the limited availability of
labour.

The same idea appears later in the book (p. 353hendescription of how
intermediate goods can be introduced into the \WWallassel general equilibrium model,
which is classified as “statical” (p. 204). Thentpican be concisely explained by using
vectors and matrices. Assume m “resources or faabproduction” (p. 351) in fixed
supply §,...,k,...,n, and n produced commodities with total outpx¢$x1,...,>q,...,xn)T
and final demandg=(yx,...,\)". Production of the commodities requidesth the m
resources according to fixed technical coefficiemtand the commodities themselves
as intermediate inputs according to fixed coeffitsethat we can indicate ag, that
form a Leontief matrix8, with Leontief inverselB)™ that DOSSO indicate s, with
elements 4. The total demand for outputs implied by final dewsy is determined as
x=Ay; the conditions of equality between supply andnaded for resources are
accordingly written (p. 355) as=E;gjxj= Zjaj(Z«AjYk), i=1,....m. The production of
coal requires not only labour and land but alsd, @& the production of corn requires
corn seed, but this poses no constraint, and tteealaquilibrium daot include given
initial endowments of these circulating capital dso(See sections 9 and 10 below for
criticism of these ideas.)

Thus, there is definitely in DOSSO a blindnesshfact that circulating capital
goods, ‘intermediate’ goods, are capital goods®and that a Walrasian equilibrium
would have to include, among its data, some gimdrali endowments of them. But the
notion of a ‘timeless’ economy is anyway neededitcumvent the problem of how the
flows of intermediate goods adjust to productioeds The same notion is also helpful
to explain why corn seed has the same price asdheit produces. In the DOSSO
book the notion of “long-run competitive equilibmi (p. 352; see also p. 207) is
identified with price equal to average cost, but wiah the result of time-consuming
adjustments, that would entail an endogenous commo®f capital. The introduction
of time is reconciled with the idea of equilibriuonly through the notion of
intertemporal equilibrium (see especially pp. 322)3 where input price generally
differs from output price for the same good, andekghthere is no room for time-
consuming adjustments, an idea totally absent fitwarbook, which is, for this aspect,
fully neo-Walrasian. The conception of the econamsy‘timeless”, producingvithout
“a time dimension”, is then thdeus ex machinghat justifies the absence of dated

% The tendency to exclude circulating capital (intediate goods) from capital, and to consider
capital as including only durable capital gooddrégjuent in neoclassical analyses, and is confirfoe
example by a recent statement by Duncan Foley witesiof “the view, shared by Ricardo, that the
advance of wages are a part of capital, in contvdhtneoclassical production functions, which ird
only the value of fixed capital in measuring capitaut” (Foley, 2004, p. 4 fn. 2), forgetting thatrn
seed, for example, is not fixed capital and yetlaabt is part of capital advances and would haveeto
considered as one of the inputs by any neoclagsioduction function describing corn production.
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quantities and discounted prices and the absenam dhterest rate, and somehow
reconciles the need to admit an adaptation of theuats of intermediate goods to the
needs of production, with the absence of a notibrequilibrium as a centre of
gravitation of time-consuming trial-and-error adjaents.

6. Samuelson’s 1961 nonsubstitution theorem.

The notion of a ‘timeless’ economy reappears eveasremexplicitly in a
subsequent article by Samuelson, which starts gglscwith a “model in which all
effects of time are nonexistent or ignorable” (Salson 1961, p. 407). The article
makes no attempt further to explain this notiortoargue its logical conceivabilit§
only toward the end of the article it becomes cldwt the role of this notion is
essentially that of justifying the absence of aifpasinterest rate; then, if labour is the
sole “primary” factor, prices are proportional @bburs embodied (that is, equal to
wages embodied, if the wage is the numéraire).

But after a couple more pages of considerationshissed by “Still ignoring all
time relations”, Samuelson admits that “we must eam grips with the problem of
time” (1961, p. 410) and then, implicitly recogmigi the correctness of Sraffa’s price
equations (he has now read Sraff@soduction of Commodities by means of
Commoditiesand he writes, p. 412, that “some of us have b®mifian without
realizing it”), he admits a positive rate of intgrreand on p. 415 he formulates the
nonsubstitution theorem in a form essentially egl@nt to the one given in Section 3
above, that is, as referring to “long-run condifband as stating that (in the absence of
joint production and of scarce natural resourcéghe rate of interest is given, then
choice of technique, relative prices and real wage univocally determined
independently of the composition of the demand ret outputs. Samuelson then
characterizes the 1951 theorem as applying to ‘&patial case where the stipulated
interest rate is zero, as in a timeless system ‘oaital-saturated’ system” (1961, p.
418).

7. Endogenously determined capital endowments.

Thus, if one leaves aside the nebulous notion ‘tinzeless systent® there is
little to criticize in the presentation of the nabstitution theorem in Samuelson’s 1961
article; in particular, the long-period nature bktnonsubstitution result is explicitly

Y Thus, for example, there is no attempt to explaiw one can conceive of production as using
labour services if all effects of time are “nondaid or ignorable”: doesn’t the measurement of labo
services inevitably require considering for howgdabour has been exercised? So, it is perhapsynot
chance that later in the 1961 article Samuelsoritadmother (and less fairy-tale) possible jusdificn of
a zero interest rate (see here the last lines afd®e6, and Section 7).

18 After the present paper had been accepted asteoG@raffa Working Paper, Prof. Christian
Gehrke kindly informed me that the 1961 articletstha correspondence between Sraffa and Samuelson
(to be soon published as part of the forthcomingmes on Sraffa’s unpublished manuscripts), anikhe
me have access to it. A discussion of this cornedence here would not only be premature, but itledvou
also go beyond my competences and beyond the mugidbis note; anyway it seems not to affect my
arguments, and to confirm my evaluation of thearobdf a ‘timeless system’ as nebulous or worseff&ra
criticizes it, and Samuelson finds it difficult defend it.
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admitted, as well as its applicability to economid®ere the rate of interest is positive.
Furthermore, the expression “or a ‘capital-satufatgystem>—a clear allusion to
Koopmans’ (1951b, p. 42) “state of saturation witgard to reproducible capital™—,
although jumping out of the blue and not furtheplamed, admits that there is no need
to assume the mysterious “timeless system” in otolgustify a zero interest rate: one
may well refer to an economy in time, it sufficésofe is a neoclassical economist) to
admit an endogenous determination of capital gabd$ renders the net marginal
product of capital zero; and the allusion to Koopgphxamounts to admitting that this,
and not the ‘timeless economy’, was the framewofktlee 1951 theorem. By
implication, Samuelson admits that a given rateinbérest, be it zero or positive,
necessarily impliesendogenously determinedapital goods per unit of labour,
differently from the case with neo-Walrasian edui that must take the vector of
initial capital endowments (even the circulatinggghnas given.

But, strikingly, nothing of all this reappears irubsequent neoclassical
discussions of the nonsubstitution theorem. Theegilent mainstream presentations of
the nonsubstitution theorem (at least, the onestoth | am aware) present only the
1951 version, and with no recognition of its lorgrpd framework nor of its implicit
assumption of a zero rate of interest; ratheryfaltcepting the suggestion of the
DOSSO book (and of the first pages of Samuelso®1(l9which however is never
mentioned), the presentations of the theorem tharacterize it as describing the
competitive equilibrium of the Leontief model quglihe latter model as ‘timeless’, and
the equilibrium as Walrasian. This is made posdiyl@ treatment of labour as the only
factor endowment in the equilibrium of the Leongebnomy; this aspect, which in the
DOSSO book could only be indirectly inferred, ismexplicit, and formally justified in
a way that deserves careful discussion and, itbeiltoncluded, must be rejected.

8. Arrow and Hahn.

The thing emerges most clearly from the presemntatmf the 1951
nonsubstitution result in the treatise by Arrow atahn (1971, pp. 40-46). The result,
presented without naming it ‘nonsubstitution theores described as applying to the
temporary or short-period general equilibrium (tisatequilibrium only for the ‘current
period’) of a “Leontief economy” defined by condtareturns to scale, no joint
production, no durable production goods, only or@n-produced good (labour
services), and, importantly, households who aresnepliers of no producible good,
that is, whosupply only labour services to firfi&ssumption 14, p. 44).

Now, the authors have earlier stipulated (p. 18)tHere are any quantities of
goods available in the economy before there ispaiagluction or market exchange, then
we shall take it that these goods are owned bydfmlds.” Then Assumption 14 means
that even if there are some initial endowmentsrotipced goods, these are in the hands
of households and are not offered to firms i.e.darectly consumed by households, so
firms do not own any initial endowment of producgdods nor do they receive
produced goods from househdfisSo the authors are assuming tinathis economy it

19 50 the authors might as well have directly assureed initial endowments of produced goods.
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is possible for firms to produce without holding, abtaining from households, any
initial endowment of produced gooddow can this be? As noted above (Section 2),
nonzero initial endowments of some goods are imtisable for production to strt
(unless production processes are ‘Austrian’, bigtiginot what is assumed).

The trick lies in how the production possibilitie$ the entire economy are
described. It is assumed that “the production mead each firm can be completed in
the current period” (p. 36), goods used as inpatsgoods produced in the period are
simply both goodsf the current period, so inputs and outputs canetia out, and the
netput§' that represent the production processes availableach industry, when
summed, one per industry, to obtain the productioycesses available to the entire
economy, can Yyield vectors positivedl elements referring to produced goods (that is,
in all elements except the one corresponding tartpet of labour services). The thing
requires detailed comment.

9. Netputs

In modern formalized general equilibrium theory,e tluniversally adopted
formalization of a production process is precissya vector ofietputs a vector with N
elements if the economy has N goods and servidesieanegative numbers indicaiet
inputs and positive numbers indicatet outputs of goods. The production possibility
set of the economy is the set of all netputs alkaléao each firm, or to several firms
combined (the sums of one netput from each firmgwen toall firms combined (that
is, to the entire economy). Note that the notiome&tput implies that each element of a
netput indicates either a (net) input or a (netjpou This creates no problem if
production does not use capital goods, because itipertis are services of ‘primary’
factors (labour and lands) while outputs are congion goods (then the qualification
‘net’ is superfluous). But netputs are also usedléscribe the available production
methods in economies that use and produce capitalsy Then cases like corn used as
seed to produce corn can be accommodated in thputnetpresentation by
distinguishing goods according to their date (instant) of availability, so that corn
seed at date/instant t is a different good fronndwmrvested at date/instant t+1. In this
case to talk ofnet outputs is useful for situations like the followinconsider a
production plan including an output of 100 unitsaofirculating capital good at date t,
and also the re-utilization of 80 of those unitglate t to obtain other products at date
t+1; one says then that the planned netput ofdhpital good at time t is 20 (the other
80 units, ‘proper’ intermediate products, beingutéized within the same firm, need
not be rendered explicit); it's what the firm caell ©f that date-t capital good to others,

And indeed the authors comment on Assumption Fdlsvs (1971, p. 47): “This assumption has no
immediate appeal unless it is argued that we nagy hauseholds not to hold any quantities of the
producible goods”.

2 Georgescu-Roegen explicitly admits it by statimat tthe current production undeniably requires
some preexisting stock” (1951, p. 100). For thasmn he dislikes netputs and prefers Von Neumann’s
representation of a production method as a vedtmpats and a vector of outputs.

2L Net output vectors, with negative elements indtigahet demands for inputs and positive
elements indicating positive net supplies of ougput
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given its intended outputs for date t+1. Netpuss @ynvenient here becauseyiis a
netput ando the vector of discounted prices of the goody,ithe inner producp-y
yields the discounted (neoclassical) profit fronopithg that production plan, with
negative netput entries (amounts of inputs) coutnily to (discounted) cost and
positive netput entries (amounts of outputs) cbnting to (discounted) revenue.

But troubles arise when one nets out the totalofigach good as inpduring an
entire periodfrom the total production of the same good dutimg same period, and
one treats the resulting positive or negative n#puts as what the ensemble of firms
supplies to, or demands from, the rest of the emmnsystem in that period. Let us
consider the example from p. 64 of Arrow and Hak@7(): the economy has 2
products (e.g. corn and iron) that are consumpgioods and also circulating capital
goods; in one period, industry A produces 2 unitsaonmodity 2 (iron) using 1 unit of
commodity 1 (corn), and industry B produces 2 uaftsorn using 1 unit of iron. This
means that the entire economy’s netput is (1,8}, i) since the production possibilities
set of the economy idefinedto consist of all netputs obtainable by additidrthmse
available to the different firms, one concludegd tharder to be capable of producing (a
net output of) one unit of each good, this economagds no input at aff But this
would mean the possibility of infinite productioBo let us introduce labour as good 3,
and assume that both the above production procatseseed one unit of labour. Then
the netputs of the two industries are (-1, 2, 41 &, -1, -1), and the economy-wide
netput is (1,1,-2): in order to produce one unieath good the firms’ sector needs only
to obtain 2 units of labour services from the htwée sector. Labour availability is
then the constraint, and the sole constraint, odymtion possibilities.

Now, there is nothing wrong in this representatidrproduction possibilities if
one is interested in possible net outputs per ahilabour per period in stationary
situations in each one of which the quantitiesntéimediate goods (circulating capital)
are assumed adapted to requirements. But this seqmaion is of no help for the
determination of a supply-and-demand equilibriurhe Taggregate production process
resulting from the sum of the processes of thers¢¥iems is needed to determine the
demands for inputs and the supplies of productee®figgregate firm sector, to be then
confronted with the supplies of inputs to this secand the demands for its products, so
as to determine whether the economy is in equilibrithe netput vector (1,1,-2) does
not represent these demands and supplies of the &otors it only tells us theet
productions of the period (according to the usudinition of net products adopted in
national accounting); but these can result fromrafgpens at different moments;
equilibrium requires equality of supplies and dedsat each one of these different
moments, and netputs do not supply the data negdssastablishing it.

Suppose for example that both production procesdesthe entire current period,
are started at the beginning of the period, anccanepleted at the end; this means that
the firm sector demands, besides labour, 1 un#ach good as inputs at the beginning
of the period, and supplies 2 units of each gootth@tend of the period; there will be

22 Arrow and Hahn avoid mentioning the possibilitgttiproduction of a good may use only that
same good as input (corn produced by corn, a farmssismption), in which case already at the level of
single industry one would obtain an entirely pesithetput — production out of nothing!
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equilibrium if there is the corresponding supplyirgiuts at the beginning of the period,
and the corresponding demand for the productseatnid of the period. On the contrary,
the netput representation makes it look as if dmuim required only a household
supply of 2 units of labour, and a household denfand unit of each product: which
would be the case only if the aggregate produgbi@tess were ‘Austrian’, started by
labour alone, internally producing and re-utilizioge unit of each good, and ending up
with final outputs of 1 unit of each good. And y#tis netput representation is taken by
Arrow and Hahn correctly to represent input demaanad output supplies of the firm
sector: they define the economy-wide excess demauator as the vector of
households’ demands minus the vector of househa@dsiowments plus the firm
sector’'s aggregateetputvector (see the definition afon p. 37). So, for the economy
of the above example, there is no doubt that Arramd Hahn would consider
equilibrium to require only an aggregate houselsoigply of 2 units of labour, and an
aggregate household demand for 1 unit of each ptodu

It may be useful to stress that the determinatibrihe beginning-of-period
demand for corn and iron as inputs need not beiaiief each, because the assumption
need not be made — although it makes life so mimpler — that within the unit time
period only one production cycle takes place. Seppbat the two productions of our
example result from the repetition 100 times, witlthe period, of a two-stage
production process consisting of a first stage Imctv industry B produces 0.02 units of
corn with 0.01 units of iron and of labour, immedig followed by a second stage in
which industry A produces 0.02 units of iron witlD units of corn and of labour. Then
the first production process needs only a positnvgal endowment of 0.01 units of
iron: small,but positive An initial endowment of some produced input besithbour is
ineliminable. On the contrary, according to ArromdaHahn, this economgioes not
need initial endowments of corn or irém carry out those productions; it only needs the
two units of labour.

10. Arrow and Hahn'’s defense.

Arrow and Hahn try to justify this thesis by assngi‘that production and all
other economic activity is timeless; inputs andpotg are contemporaneous” (p. 83)
The meaning of the nebulous adjective ‘timelesshas made any clearer by being
accompanied by the notion of ‘contemporaneous’ ipand outputs, a notion that
implies the flow of time, but is itself unclear. Bon p. 64 the authors write:
“Alternatively, if production takes time and difeartly dated commodities are
distinguished...”, so apparently they were assuntivag production was, not timeless,

% The Leontief model is analogously described asléss by Weizséacker (1971), in a chapter that
starts with the assertion that it will present taer results of price theory which are independéithe
introduction of the concept of capital” (p. 4); amyathese results there is the 1951 nonsubstitution
theorem, in the competitive market equilibrium vens So Weizsacker implies that there is no capital
not even circulating capital, in the Leontief mqdmcause in it there is no time (the absence of an
interest rate is identified with the absence of)inThe analogy is clear with the consideratiorthé
DOSSO volume. But Weizsacker does not write doverstipply-and-demand equilibrium conditions of
the Leontief model, therefore he is less clear thaow-Hahn on what is being assumed as to factor
endowments, and on the role of netputs.
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but rather instantaneous: in zero time corn proslia which can be instantaneously
transferred to the corn industry to instantaneopsbgluce corn which in zero time can
be transferred to the iron industry to instantasgoproduce iron, and the thing can be
repeated indefinitely; then, were it not for thenstwaint due to the limited supply of
labour, even an extremely small initial endowmehtcarn or iron would allow, by
infinitely fast indefinitely repeated instantanequ®duction processes, the production
of any amout of output. But even this assumptidsuad as it is, does not save the
thesis that only a labour endowment is needed,usecd the initial endowments of
corn and iron are truly zero, neither industry start producing, production is zero.

So labourcannot be the only initial endowment; in a Leontief modake
aggregate economy’s netputs dot correctly indicate the firm sector’'s demands for
inputs, nor its supplies of goods to the rest eféhonom§/.

11. The basic misunderstanding.

So if one tries to determine the neo-Walrasian tempoegyilibrium of a
Leontief economythen labour supply cannot be the sole constraint onptiegluction
possibilities of the economy; some given initiadewments of coal, corn etmust
appear among the data of equilibrium, and the nastgution theorendoes not apply

Clearly, the basic misunderstanding consists ofgrasping that the theorem
presumes, not thebsenceof any endowment of produced inputs, but tleeidogenous
determinationbecause referring tong-periodchoice of production activities. We find
here another effect of the disappearance of thémaif long-period or ‘normal’
position from the theoretical horizon of modern classical theorists: unable to
understand that the absence of a dating of commasdit traditional analyses is due to
the fact that, in those analyses, equilibrium tened to represent a persistent situation
in which prices can be treated as sufficiently elds constant (which implies an
endogenous determination of the quantities of predumeans of production), the
modern neoclassical economist opts for the ideaitlt@mmodities are not dated the
reason must be that the economy is assumed tanedess’, whatever that may mean.

12. Three advanced micro textbooks.

Matters do not improve if one looks at the presgmta of the theorem in recent
advanced microeconomics textbooks. | will commantiee four ones that, as far as |
know, do present the theorem: three where the mstisution theorem is presented as

%4 The considerations advanced in this Section apipdaave a relevance that goes beyond the
discussion of the nonsubstitution theorem. For lzesical theory itself, netputs are a dangeroustway
describe production processes, especially produgtiocesses of the entire economy, because as shown
in the text they easily entail a mistaken represtéant of input demands and output supplies of the
aggregate firm sector. Therefore much more attergimuld have been given by neoclassical authors
using netputs to answering questions such as, ghelegitimate to represent production processas
netput vectors, and when is this representatiorpedilie with the determination of equilibria betwee
supply and demand. An intertemporal formulatiomvhrich goods are dated is not sufficient to avoi th
misrepresentation of firms’ demands and suppliastiiated in the text, unless a date corresponds to
period so short that no productive process caritsi®@vn output as an input within the same period.
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referring to the general equilibrium of a Leonté&fonomy° (Luenberger (1995), Blad
and Keiding (1990), Varian (1992)); and one, Mase@,oWhinston and Green (1995),
already mentioned in Section 1. More recent textbam not mention the theorem.

A common characteristic of the first three preseons is that the prices that the
theorem shows to be uniquely determined indepehdehthe composition of demand
are characterized, not as long-period prices (thteom of long-period price is absent
from these textbooks), but rather as general daiiitn prices, and the sole notion of
general equilibrium with production presented iesh textbooks is the neo-Walrasian
one, which determines equilibrium prices on theigasf given initial factor
endowments. But no explanation is given as to hosvimnitial endowments are to be
treated in the equilibrium of the Leontief econoritys not explained whether only the
labour endowment is given; so the thoughtful sta@annot but be left wondering how
the non-given initial endowments of produced mezrsoduction are to be reconciled
with the notion of Walrasian equilibrium, if onlige labour endowment is given; and, if
that isnot the case, how wheat employed as seed at the legiohthe year (and in
given endowment) can have the same price as wbeahg out at the end of the year,
something which is generally not the case in ietagoral equilibria (no assumption of
stationary state or steady growth is made in tipessentations). The difficulty of the
reconciliation of the notion of (neo-)Walrasian éitpuium with the Leontief model is
what had induced Arrow and Hefirto speak of a ‘timeless’ economy; in these three
textbooks the notion of a ‘timeless’ economy is mitoduced, probably because of
some perception of its difficulties, but the sadaticonsists simply of not mentioning
the problem, which must leave the attentive stutkmibly confused.

The thing is particularly striking for the Luenbergextbook, because the author
(Luenberger 1995, pp. 241-3) illustrates the Lexdnthodel with an example where
wheat, iron and labour produce wheat and4foan example where the presence of
wheat implies that production processes take ceraidle time. Luenberger proceeds to
argue that, because of CRS, profits (in the nesidals sense) must be zero under
perfect competition, hence, taking the wage as maineé(w=1), prices must satisfy (in
our symbols)p=pA+a,.?® No justification is given for the assumption tvalue added
consists only of wages, that implies (but the thimgnot made clear) that the rate of
interest is zero; nor for the assumption that wleestd has the same price as wheat
output, with an implication of unchanging relatipeces that, again, is not made clear
and therefore is given no justification. In 195&r#had been an explicit assumption of
‘saturation’ of capital (with an implicit suggesti@f stationary state), but here no such
assumption appears, indeed the presence of capitaver mentioned. One is given to

% n all three presentations the theorem is the 1®huelson-Georgescu Roegen theorem. As in
Arrow-Hahn, Samuelson (1961) is never mentioned.

% Or Weizsécker.

"It is perhaps not a coincidence that this is tenemy studied in the first chapter of Sraffa (1960
However, Luenberger does not assume that the egotfpmoduces just enough to maintain itself”.

% The nonsubstitution theorem (1951 Samuelson w@rscthen presented (p. 254) as an exercise,
the student is asked to find the proof that, ihi@ Leontief economy there is choice of techniguneler
perfect competition relative prices are uniqueltedmined (which of course would not be the cagbdf
rate of interest were not implicitly assumed tazbeo).
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suspect that Luenberger, like DOSSO, is unablagw the inputs other than labour of
the Leontief industries as indeed capital goodsiaithrculating: had he recognized that
wheat and iron when used as inputs are capital gand require an anticipation of

capital funds in order to be utilized for produatidghen neoclassical theory would have
suggested that there ought to be a reward—a pesitite of interest—for the savings
that allow these capital goods to come into beargl the zero rate of interest would
have needed discussion. And yet, at least for wpeaduction (that takes several
months to yield its output), the need for capitati@pations (and for a pre-existing

endowment of wheat seed) should have been evideatogously evident should have

been the need to explain whetlpeipA+a, implied stationary relative prices, and if so,
what kind of equilibrium one was then describingtifwvhat assumptions as to savings,
etc.).

Blad and Keiding (1990, pp. 177-183) are similarligenberger in that no
clarification is offered as to why value added ¢stssonly of wages, or as to whether
the fact that input prices are the same as outpcepimplies a stationary economy, or
as to what is assumed about the endowments ohpugsi other than labour. The main
difference is that the authors explicitly note tkia¢ labour theory of value holds for
prices obeyingp=pA+a., concluding that therefore the theorizing of dicals
economists “was after all not so unreasonable @s$ {generations would have it” (p.
180). This reference to classical economics makai the more surprising that nothing
should be said on the absence of a rate of pr(ditsrate of interest) in the price
equations, since Ricardo assumed a positive ratpraffts, and it is precisely the
positive rate of profits that creates difficultiesthe labour theory of value. Also, it is
not pointed out that the labour theory of value s@sposed to explamatural (normal,
long-period) prices, differently from neo-Walrasi#éimeory; in this way students are
taught that the classical natural prices and modemeral equilibrium prices are the
same kind of prices, and remain ignorant of the fhat the former are long-period
prices while the latter are very-short-period psice

Varian’s Microeconomic Analysjsprobably the most widely used advanced
microeconomics textbook in the 1980s and 1990sstiidnow much in use, is even
worse on this topic, because the framework of fle®item is left much vaguer than in
the other two textbooks (see Varian 1992, pp. 35d-6; the treatment is essentially
unchanged from the first, 1978 edition). The cleaifions indicated above as missing
both in Blad and Keiding and in Luenberger are alsent in Varian; but in addition
the Leontief model is not explained; the theorenntsoduced after saying only that
there are n single-output CRS industries, and glesimonproduced input (labour)
necessary to each industry atidis with positive equilibrium price (this debatable
‘thus’ remains unexplained). Output prices enterc¢bst functions as input prices but it
is not explained how that can be: it is left to tkader to understand that the several
industries use one another’s products as inpuisnibt even explained that these inputs
are assumed to disappear in a single d€aghe price equations are not written down.
Furthermore, the uniqueness, and independencedemnand conditions, of equilibrium

% The book nowhere explains that the assumptiorogbimt production implies no durable capital.
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prices is presented as referring to Walrasianequilibrium of this economy, but up to
that point Varian has discussed only the equilioriof production economies without
capital (only labour and land as factors, and adgsumption goods as products), so
the student has no idea how to formulate the ‘Vé&ra equilibrium of an economy
with produced means of production, nor is the tHungher discussed by Varian later.
So the knowledgeable reader recognizes here thetieéonodel and the zero-interest
1951 version of the nonsubstitution theorem, batdtudents can only find these pages
utterly incomprehensible.

13. A different textbook.

A different presentation of the nonsubstitutionaiteen—but again a misleading
one, and nearly impossible for students to undedstas supplied in the currently
dominant graduate microeconomics textbook: Mas4C&é¢hinston and Green (1995).
Here too the presentation is of the 1951 theorarmthe authors choose to present it in
the pure optimization form adopted by Koopmans (t9%nd Arrow (1951), that is,
without connecting it to prices or to competitive equilitbon. The theorem is described
(p. 159) as stating thatll efficient production vectors with positive raitputs of all
commodities can be generated from the same settiviti@s, one per commodify
Since in this textbook ‘production vector’ or ‘adty’ means ‘netput’ (see p. 128), the
reason for this result will be evident in view ohat was explained in Section 4. An
economy-wide netput positive in all elements exdapour is possible for the same
reason as in Arrow-Hafh it simply means that the economy is assumed adymre a
positive net output of all commoditieg=x—Ax>0, whereq is not a netput, the
economy-wide netput is of the fory=(a,...,ch—L)" with L=a_-x. A production vector
or netputy is definedefficient (p. 150) if in the production possibility set diet
economy there is ng’ greater thary in at least one element (where, for an input,
greater means smaller in absolute value), andmaliar in all other elements. Since the
methods of the zero-interest-rate wage-maximizieghique minimize the labour
embodied in each commodity, they permit the maximm@nhoutput of a commodity if
all other commodity net outputs are given and t@bbur employment is given; and
they permit the minimum labour employment if allhumodity net outputs are given;
therefore all efficient economy-wide netputs ar@egated from the methods of that
technique, by changing industry dimensions. Thithes 1951 theorem of Koopmans
and Arrow; but, without a clarification of its frawork such as was supplied above in
Section 4, the student cannot understand anythbaptaits meaning, because the
peculiar meaning that the definition of efficienagquires when referred to economy-

%0 Thus, Mas-Colelet al, differently from Samuelson or Georgescu-Roedemot go on explicitly
to add that such a choice of production methoeiast competitive equilibrium brings about, although
they do have some hints in this direction (1993,60). But in this way they, like Koopmans, leave
unexplained why one should be interested in axieffty criterion fomet outputvectors, that amounts to
minimization of labours embodied. For examplehd purpose were to maximize per capita consumption
in an economy growing at a growth rate equal tardite of interest (the ‘golden rule’), efficiencyuld
require a different choice of technique.

%1 Fig. 5.AA.3 on p. 158 of Mas-Coledt al admits the possibility of a totally positive econy-
wide netput resulting from the sum of the netpditdiferent industries, as in Arrow-Hahn.
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wide netputs, its connection witbng-periodcompetitive choice of technique at a zero
rate of interest, or the fact that the productidrth@se ‘efficient’ netputs requires an
endogenous determination of the endowments ofalagoibds, remain entirely hidden.

Of course, on top of all these difficulties withagping what these textbooks are
talking about, the student is not presented wighréal nonsubstitution theorem.

14. Conclusion

Having, hopefully, made clear how and why the récand not-so-recent
mainstream presentations of the nonsubstitutioaréme misrepresent it, there remains
to discuss the relevance of the theorem correatlyerstood. This goes beyond the
purpose of this note. Let me only suggest thatsarogh discussion will do well to give
attentive consideration to Garegnani (2007, pp-887
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